Quantum Field Theory
Coleman Chapters 1-6

Detailed Derivations and Conceptual Structure

Adding special relativity to quantum mechanics; Fock space; scalar quantum fields;
canonical quantization; Noether currents; spacetime and internal symmetries.

Based on Sidney Coleman, Quantum Field Theory: Lectures of Sidney Coleman.



Abstract

This manuscript gives a structured exposition of the first six chapters of Coleman’s quantum
field theory lectures. The presentation is English-forward, with Chinese comments retained
where they clarify the physical meaning or the logical role of a formula. The emphasis is on
derivations, definitions, and conceptual continuity: why a relativistic one-particle theory fails,
how Fock space resolves particle number, why locality suggests quantum fields, how canonical
quantization reproduces the free scalar field, and how Noether’s theorem organizes spacetime
and internal symmetries.



Notation and Conventions

h=c=1, a'=(x, p'=0"p), P’=wp=vp2+u
Guv = diag(+,—, —, —), a-b=a'b, =a"’ —a-b, 0= 8,0" = 9} — V2.
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Chapter 1

Adding Special Relativity to
Quantum Mechanics (&5 T 11240
R SR 8)

1.1 Main Point (A&E1SH)

One Sentence

%1 mEIEIRIERE ARG AR DB YER R R T RNE R A AR RN
INENG, MRS EFAMEEREREETE—E, R8s, wik
P S CIE 23 1YAm R R w1 B RN

The central claim is that a strictly relativistic one-particle quantum theory is not sat-

isfactory. Relativity plus quantum uncertainty forces us to allow particle creation and
annihilation.

1.1.1 Why relativity forces many particles (Chfl- 2ZM¥HeSE 25T 7)
RS T2 B, — N EERL TR A Al H T DAM] A e . (H— HEERAE
E > mdc?,
BT A R AT, BN
p+p—=p+p+a, p+p—>p+p+p+p
I A BERIUH U 52 %% Hilbert space AN AE H &7 [ & KL 1 HCRES o
Coleman [—PNEZMF R (KAERG PRIHXHEZ S B EMZ KL TP RIS i

[Alfr . R fE
Eiyp ~ va,

77— RPRL T FR R R R me®, MIZ LT rh RIS K B0

2
Eiyp omut (1))2
— = .

mc2  mc

Cc

XIE 2 ARSI B8 L, H Hamiltonian RAXRIEX, MASLHZ R T2,
— A EIEIN .
The Hydrogen Atom as a Special Case

Dirac J5 A% SUR TAFA G, AR HTHE SR T PR L . U T
X7 AR SRR AR X RRAEB, AR S

1
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1.2 Minkowski Space and Lorentz Conventions (Minkowski %%
1] 5 Lorentz ZJic)
VU £ A2 s 55 Y Bl i 5 A
ot = (xoaxlvxzvxg) :(t,X), pM:(poap):(Eap)

5
a, = gua’ = (a®, —a).
WAL
a-b:a“bu:aobo—a-b.
Lorentz 2836 A R NFH
(Aa) - (Ab) =a-b.
DU 2k R R 2R

a® > 0 = timelike / 25K, a® < 0 = spacelike / %3, a®> = 0 = null / lightlike / JGIk.

Connected Lorentz Group

ARARIEEEFJE connected Lorentz group, Wi/ MIESFASHIELLIER| )4, ML
N SO*(3,1), Parity P il time reversal T' J&§ T4 Lorentz BB EGH 2, ATE connected

component [N,

1.3 A Single Free Spinless Particle ([ HJCH ek T-B21iE)
1.3.1 Momentum eigenstates (ZHEAIEL)
WA TSH=8E p fRid:

Plp)=plp), (p|p/)=0®(-p), 1= /d3p p) (pl.

H X RE R

Hlp) =wplp),  wp=+pP?+p%
XA ARG — N EEERRTEIE, HERY Lorentz P48 PRI Ryt oy b 2%t [A) 8.
1.3.2 Translations and rotations (CE# 5liEk%)

i 254
Ula) =€, Pt =(H,P)

Lo AR, 4 a2 TR, W
U@ =e  Ula)lx) =[x +a).
g R e SO(3) H
U(R)|p) = |Rp)

U(R)'PU(R)=RP, U(R)'HU(R)=H.
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1.4 Lorentz-Invariant Measure and Relativistic Normalization

(Lorentz ANAEMINE L5 HIX I —1t)

ZHEMEE d°p RJ2 Loventz ALK, PULEMIRE d*p RAVER . B RRHIZER &

pP=p? P’ >0

b, 153
d3p
/dpo Ppo(p® — p*)o(p°) = .
2wp
FIr A
3
d—p is Lorentz invariant.
2wp

H T AL Feynman PRy 2m 7457, 5 SCHIRFSIH— 6
[Pheer = (2m)*/2 /200y [)
TR KRG

d3
1= [ e I

Lorentz 28 5 SRAE FH 4

1.5 Constructing and Rejecting the Position Operator ({ii ¥
FricyHe i 5 )

1.5.1 Desired properties (fy2 M BRFWEl2 7
AR =G BEAT X, Wi
X = X',
U(a)'XU(a) = X +a,
U(R)'XU(R) = RX.
H—2KULE & observable / AT o8 "SR ULETE RS TAT N IER =R E R 4R

i

MR P HfE
[PZ', Xj] = —iéij, or equivalently [Xj, PZ] = 1(5w
FEEh ARG, R BIEh

.0
X; = 137% + Ri(p).

JREHE ARV BER

9G(p?)

Ri(p) = piF(p?) = )P

BRI T phy 3k AS A (8 5
p) — ®%) |p)

W . DA B — (5%
X, =1

Opi '
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1.5.2 Localization test (Jallfbs:5%5)

HRLTAE t = 0 AFHARI T R, Bl R R RO 2

1

(plv) = (2

TR ALE] ¢ )5, TEOLE x ALAYHRIE N
3

B(x,1) = (x| et ) = / b

p . .
an)? exp (ip - x — iwpt) .

WA R AL, W = [x| > ¢ i, XAMRIEN %% . {H Coleman ilid %
T B SR E A N, Bl e

|(x,t)| < exp[—pu(r —t)] X power factors.

Physical Conclusion

R EE R, R T I EFAR IR EDEHES . RO MIRIBAE BHOLHEIL D Compton
wavelength J5MR/IN, (BRI _F 33 5™ 4% R . The one-particle theory allows a nonzero
amplitude outside the light cone, so it is not a satisfactory relativistic theory.

1.5.3 How nature escapes (Mfl 2 EL S ek XA~ 9 M 7)
METFEN T RSB E Lo AfE R g

Ap 2,

SIE

FRRE L~ 1/, W

Ap ~ p,
& HEE R R LT AERL TR TORARACH B CAFEN— MR FRIALE, b EE AR
HITERL T4

‘particle number is complementary to precise localization. ‘

S R BORPRS L B 2 A AESK T . MERVRS B L, BBk BRI T A&

1.6 Chapter 1 Summary (45 1 #2la4k)

o Relativity forces multi-particle physics / XTS5 IE Z R FEH .

o The Lorentz-invariant one-particle measure is d*p/(2wp).

o The natural position operator X; = i9/9p; gives superluminal tails / J&HE/MNEE .
o The physical cure is pair production / PR R T BRI FX 724

o Therefore the next object must be Fock space / F—2 0540k A Fock Z3[d].,



Chapter 2

The Simplest Many-Particle Theory
(B iRIBIt 2 b 2R )

2.1 Main Point (A#E1E)

One Sentence

55 2 F Hilbert space M “— K7 ¥R “EEZMMHEZER T, A2
[ TR S A2 — 2R IR, 1M creation and annihilation operators / f=4:
5 RELF

2.2 Direct Construction of Fock Space (Fock Space Wyt EHIE)

2.2.1 One-particle states (—hiJ-&%)
IR F T U -
(p[p') =@ (@-p), Hlp)=wplp), Plp)=plp).
2.2.2 Two-particle states (i &)
%I identical spinless bosons / #H[FJC AEE A+, AT 2 Bose XJFRM::
P1,P2) = [P2,P1) -
JH—1k R

(p1,p2|Pt,ph) = 0 (p1 — p)0®) (p2 — ph)
+ 6@ (p1 — p5)d (p2 — PY).

H !P1,P2> = (Wpl +wp2) ’P17P2>,
P |p1,p2) = (p1 +p2) [P1,P2) -

2.2.3 Vacuum state (F%34%)
D/ZINIIPNE= AR EE

0y,  H[)=0, P0)=0, (00)=1.
XH10) /& vacuum / HASER, A Hilbert space B[ &, HAZ [p=0).

5
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2.2.4 General Fock state (—f4)
— A IR DX & -

)= 60[0) + [ Epun(o)[p) + 57 [ Apid*pe a(pr,pe) propa) +--

Horr 1/t B 1k XA 9 67 A HES S 2 T 4K
Why This Is Awkward

— ST EILTT 2R

¢0» wl(p)v 7/)2(1)1,1)2)7 w3(p1ap2ap3)a"'

PR AR R . L EER AL occupation number representation / (5 HFEIR .

2.3 Occupation Number Representation (54 %1%)

SR RBGEA R L RE T, avrshsE sl

2T
p= f(nx,ny,nz), n; € 7.

— RS A SRR RS AR N (p) ik
{N()}) -

TR
ZN(p) < 0.

REF AN B AL AN

XEFFM IG5 Z ) decoupled harmonic oscillators / i IWAERIAIEIR T B4 p 22— 1R
T, HAEN(p) RIRTEUEL

2.4 Harmonic Oscillator Review (i%#& 13 2>])

2.4.1 Ladder Operators ([¥iEs%E4F)

B
1
lg.p) =i, H= §w(p2 +q° —1).
& X
o= L(gtip), df = (¢—ip)
V2 ’ V2

)
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2.4.2 Ladder structure (fitZi4i1)

-

“
H|E)=FE|E),

Il

H(a'|E)) = (E +w)d' |E), H(a|E)) = (E —w)al|E).
WME—HLA 10) W2

a|0) =0.

Il
(ah)"
Vnl

n) = 0y, Hln) =nwin),

7 H.
al'lny =vn+1n+1), aln)y =+/nin—1).

2.5 Operator Formalism for Fock Space (Fock Space WJHAFIE
X)

A p X8 A KA

ap, alﬁ.

ardh
lap, ap] =0, [a;r,, a;,] =0, [ap, ay] = dpp
HELEA R A
[a’P7 CLP/] =0, [a’;r)? a;’] =0, [apv aT/] = 5(3) (p p/)
LA E N
ap|0) =0 Vp.

—KLTEH

[p) = a}[0)
TR

’p17p2> = 0’11;1&11;2 |0> *

TP EAFR S, Bose XTHRME E BT .
Hamiltonian 5 2 sh&E N

H= /d?’pwpa};ap, P= /d3ppa£ap.

Operator-Valued Distributions

PR, ab EFITEELZS FARBIM R, EEE 03)0), AufH—fb. HEILEiIHERG
operator-valued distributions / BAHME . EI1EHHELT/E smeared operator:

/ &p f(p)al,
Coleman J5TE AT HYIFEF KA H 51k .
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2.6 Relativistically Normalized Operators (FHRHEIH—4b)y= 15
)
E X
ol (p) = (2m)*? V 2wp QIT)’ a(p) = (27T)3/2\/ 2wp ap.
O‘T(p) |0> = ‘p>rel :

Lorentz Z8#ay
UMt (p)U(M)T = of(Ap),

UN)a(@)U(8) = a(dp).
PR B

6iP-chéJ[ (p)e—iP':c _ eipwaT (p)7

eiP-xa(p)

e—iP~x —ip-x

=e " a(p).

2.7 Chapter 2 Summary (45 2 Z54h)

o Fock space J2fT = ki T4 Hilbert space / arbitrary-particle-number Hilbert space.

« Bosonic symmetry is automatic using commuting creation operators / F %t 5 7= EAT H
3523 Bose X PR

o H 5 P # /2 number operator LTS .
o HIXHEMVEREZRM A/ (20p) 1 ol (p).
o WA EIEMEYE locality / JasitE; X4 EH quantum field,



Chapter 3

Constructing a Scalar Quantum

Field (fiitstis 145)

3.1 Main Point (A#E1E)

One Sentence

803 EELLE AR R TEBE, R REIUAEIRIE” o MR R ORI
(AP DU 50 5 SR B AN 2R A B AR G2 local quantum field / Ryl 137 -

3.2 Relativistic Causality and Local Observables (%}t HE
5000 )3 e )

JEMIXF IR T 125, AR Hermitian operator #AIHLAE observable, (HAIXHEHAFT: 7
AW AR ZS 43 B3, Ry, Ry, MUATIAS BB A I 2 AH EA% 13 R Y A5 B
sy O AIFE Ry &, O AI7E Ry i, HAERE 21 € Ri,22 € Ry W2

(3:1 — x2)2 <0,

UIPEe)
[01,04] = 0.

XY microcausality / it R S o

3.3 Conditions for a Scalar Quantum Field (b5 252 m
2:11)

Coleman 3k ap,az, IS R EY o(x). BV :

1. Locality / Jplgtk:
[0%(x), 8" ()] = 0 if (z — y)* <0.

2. Hermiticity / JuX::
¢ (2)! = ¢°(2).

3. Translation covariance / “FFg[pas:
eIV (2)eiPY = §0(z — ).
4. Scalar Lorentz transformation / frp#x Lorentz Z&Hi:
UA) (@)U (A) = ¢%(A ).

9
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5. Linearity / Z&PEiEix:

&’p [Fy (x)ap + Gy (z)af).

\

HIPU AW B S PSR BEOR ;28 T8 N T Hedne A B fig

3.4 Explicit Construction (i Xfk)

M .
60) = [ ey [0 + 0l )]

Lorentz frEER
U(MN)g(0)U(A)T = ¢(0).

BT alp) = a(Ap), HMBERAE, wrifd
Jo=Fa1p 9o =9a-1p
JitfEse FAEE I ST Lorentz ZZHuHIE, FrPA
=5  @w=y

FEH R AR A5 2
3 . .
ole) = / T [f a(p)e P + gal(p)e??| .

(27)32wp
#ell a,al: \
d°p
) o—in
¢ («T) / 271' 3/2 /Tw P )
Oy — [P e
¢ (x)—/(Qﬂ_)g/Z Twpapep .

Hermiticity 23k
o(x) = M) (z) + e V() ().
AL ATWIRE] ap BO5E SCHY, BT AR

¢(z) = ¢ (@) + ¢ ().

_ dgp —ip-x T ip-x
(Z)(.T)—/W(ape P +apep )

3.5 Why the Sum Is Necessary (CHfF 2R o) 3k o))
4

3
O s

=A4(z—y).

e~ ip-(z—y)

10
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BA Ay MRERBIFANE. B o M o) RiEss H 1R Rl observable.
HAXT 5 1Hh

[P(x),d(y)] = Ay (z —y) — Ay (y —z) = iA(z —y).
5 (r—y)? <0, WA Lorentz ZFHil = — y AR — (= —y), FrPA
Ai(z—y)=A(y — ),

M

[6(2), ¢(y)] =0 if (z —y)* < 0.
X2 scalar quantum field 5 & i R SR A S 4

3.6 Turning the Argument Around (il Y%EXEAN}%)
PAER LR %7€ ¢(x), WTPAEEE Fock space.
3.6.1 Klein—Gordon equation (Klein—Gordon Jj#%)
MG EFF , #1 Fourier mode FEfTH7E I
p? =t

ES)lig

(O+ p?)g(x) = 0.

X & Klein—-Gordon equation / KG &,

3.6.2 Equal-time commutators (ZE% 5 0ER)
H [6(2), o(y)] = 1Az — y) AI{5

[[6(x,1), 6y, 1)] = 0,

[9(x, 1), ¢(y, )] = 0,

[P(x.1), d(y, 1)] = 6™ (x — y)-

XERKIEBES: H i AR )
6", ¢" ) =0,  [paps) =0,  [¢°p] = id.

X 4 FIENE AR .

3.7 Chapter 3 Summary (45 3 #lagh)

o Relativistic causality is implemented by local commuting observables / FH%f1e K 5418
1 RAN 5 S

o The scalar field is the simplest local observable-building object / Fri37 & fx & B 1Y Jaiak
JURIIE PR

11
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o The field must contain both annihilation and creation parts / 3720 [a] Bsp&5 78 K A1 72
EIDﬁ\‘O

« The free scalar field satisfies (0 + p?)¢ = 0.

o Equal-time commutators foreshadow canonical quantization / 2} X} &) 5 2 Fizs 1E ) &
Tk,

12



Chapter 4

The Method of the Missing Box (i
RITHER) 5 8)

4.1 Main Point (A#E1H)

One Sentence

554 TG AT QFT R4k AN 25etid Fock space Fi4R Rl , M2 M classical
field theory / Z83gie %, X347 canonical quantization / IEN&EF1k.

4.2 The Missing Box Diagram (P44 )

Classical particle Wcontinuum limit{ Classical field

mechanics > theory
SRBT A% | |z

canonical quantization canonical quantization
A S A _
Quantum particle ' Quantum field |
mechanics > theory ;
BRI nany /local degreés "I |

,,,,,,,,,,,,,,,,

AT AHLZ missing box / BRAITHE. 2 4 FHHAME.

4.3 Classical Particle Mechanics (Z28Lki1-12%)
] AR

TEEN

Hamilton JEFRELSR
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4.3.1 Derivation of the Euler—Lagrange Equations (Euler—Lagrange Jj 4

%)
oL oL
dt
05 = / < 9 )
i S
_or
Pa= Hoa
BN

/dtpaéqa :padqali? - /dtpa(sqa-

08 = /dt (8L —pa> 5q®.
0q®

d oL _ oL
dt 9¢e  9qe’

WHIHNZE, FroA

fER 6q™ 2t

4.3.2 Hamiltonian formalism (W& R)

Hamiltonian /& Legendre transform:

H = pai® — L.
AR
OH = qa5pa - padqa-
* oOH OH
0H = @
aqa 1 apa
B
L_on - oH
q 3pa ) Pa = 8qa .

Constrained Systems

M Lagrangian #| Hamiltonian F5% (¢%, pa) complete and independent / 52£¢ HMS, . #
A Lagrange multiplier, FU8zZf ] HEE j{] BEEEY M Hamilton .

4.4 Quantum Particle Mechanics (# 1-%i - %)

NSE=a s lb)
qav pa — qaa ﬁav

[¢*¢" =0,  [pa:ps] =0,  [q“ pe] = i5.
Hamiltonian ¥ i3855 H(q,p). Heisenberg J7fE N

dA 0A
H Al +
dt =1l I+ ot

14
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Xt g, p 153 T Hamilton J7#E:

oOH 0H
.a:‘Ha a] = — .
op P i[H, pa] 9

¢* =i[H,q"] =

Ordering Ambiguity

J;Hil:P p’® = pgPp, BTN [p,g) #0, “FHA[F. Canonical quantization &} T
H, (HAR A TOE .

4.5 Classical Field Theory (£:8Li5i8)
T

AN AE

W2 EEAER o ¥R (a,%).
Lagrangian 5 i\ zs [8]FH4)

= /d3x L.

S:/ﬁ%awamwwy

TEEA

4.5.1 Field Euler—Lagrange equation (3IF] Euler—Lagrange Jjf¢)

55:/& { 5% + oL 5(0,06") | -

d¢° 9(0uo)
E X
u_ 0L
T, = .
¢ 0(0u0")
v Rl
oL oL
-0 0.
dpe " 0(9u9)
N EF]
9 oL
g = Tg T
oJokd

#& canonical momentum density / IE N3 &%,

4.6 Free Real Scalar Field ([ Hishialy)

#x A B Lorentz invariant quadratic Lagrangian:

—_

£ =3 (0,00"0 — 1*6%).

L= (&~ Vo — 126?)

15
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B

Hamiltonian density:
S S . 2, 242
H=n¢— L= (" +|VoI" + p7¢7).
A

1
H=g /d% (7% + Vo> + pu?¢?) .

{m|

Euler-Lagrange J5 245

O+ p?)¢ =0,

4.7 Quantum Field Theory (& T-%it)
EN &1k

[¢a(x7 t)a ¢b(ya t)] =0,

[[ma(x, ), m(y, )] = 0,

[6(x, 1), my(y. )] = 676 (x — y).
S Hid7 s, i Heisenberg J7:

¢ =iH,¢] =,
7 =i[H, 7] = V3¢ — p?¢.

Ak "
¢ =V2¢—p*p,  (O+p*)e=0.

BCULIIS 3 SR 0 AR R AN 4 FEELR TR e

4.8 Normal Ordering (1IEALF)
8 3 #1377 A Hamiltonian:

d3p

o(x) :/(QW)?’/Q\/m

—ip-x T ipx
<ape +ape ) .

N
H = ;/d‘gpwp (apa;r, + a;r,ap) .
H
apa; = a;% + [ap, a;f)] = a;‘bp + 5(3)(0)7
m

1
H= /d3pwpa£ap+ 2/d3pwp5(3)(0).
FHURHAE T R, W BRI 3R AL

16
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4.8.1 Definition (£ X)

Normal ordering : - - - : F&/R{EFIA creation operators {31, annihilation operators Ji{45 i :

. T 1
D pQy 1= Qyap.

1
sz/&x%ﬁ+Wd%w%%:

H= /dgpwpa;r,ap.

Do Not Treat Normal Ordering as a Verb

AB AT U TR, R RRAGETER AB et (. R A PR O
ERUFIL, LRI

4.9 Chapter 4 Summary (45 4 ZLlagh)

E%WzﬁlﬂﬁﬂzﬂméH%Qmi
¢

XKML . B BRI, BXT interacting theories / #HHAEHELEHA M, KA

FATA TR ZLI e nia e i

17



Chapter 5

Symmetries and Conservation Laws
I: Spacetime Symmetries (XFrtk5
P T A RRE)

5.1 Main Point (A#E1H)

One Sentence

5% 5 TERGH. Noether theorem / 5 - TESERHRIME ™ £ SPAE A SR A o X T H s
XTRRME, ‘B45 1 energy, momentum, angular momentum, boosts, PAM energy-momentum
tensor,

5.2 Noether Theorem in Particle Mechanics(%i T- ¢ Noether
yi8 Ly

FE LTG5 IV
0q°(t; A
S
dF
DL = s

X AR 2 symmetry / XFRME. R DL AAZE; 25— total derivative A NAS i
V5 ap

5.2.1 Derivation (#i5)

oL ., oL . . . d_ ., d .
= —Dq" + —D{" = paDq" + po— Dq* = — (paDq").

DL _
dg° dge dt dt

X DL =dF/dt, FrPA

d
—(paDq"* — F) = 0.
dt(p q )

~p

SPEEN

’Q:paan_F"

18
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5.3 Three Basic Examples (—=A4~2;ML{]T-)

5.3.1 Spatial translations (23[i]*FF)

-

=
X, — X, + Ae, Dx, =e, F =0,

il

Q=) pre

e {LRL, ~FIHEHENEZ)

il

P :Zpr.
T

5.3.2 Time translations (B}[FH]*FF)

L NEETE, B
q"(t) = ¢ (t + N), Dq® = ¢°.

Jlid:og

Noether charge &
Q=p.g"—L=H.

FrPA time-translation symmetry / B[R] FEEXTFRIEZS energy conservation / RE&SF1H

5.3.3 Rotations (Jjg%%)

Teg5/Niek -
Dx, = e X X,.
iy
Q:Zpr-(exxr) :e-Z(Xr X Pr).
LA Bl BN -

J:Zxrxpr.
T

5.4 Generators in Quantum Mechanics (& BSR4 IT)

1=}

w1, SHEEAHE conserved quantity, iASE generator:

[l¢", Q) = iDg".

i
Dq" =1[Q, q“].

Pt

19
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Symmetry / XfHRH: Generator / T
Time translations / i[E]°F-F% H
Space translations / %% [a]*F-£% pi
Rotations / Jighs J?

Internal transformations / A  Q

5.5 Noether Theorem in Field Theory (i Noether EH)

7 4 o)
a *(;
(2) » 6"(ssn),  Dgo = ZETA)
oA oo
P2
] Noether current A
oL
JH =7mhDe* — F*, mh = .
D 5(0,5")

A EOM 1%
9, J" = 0.

5.5.1 Charge (fif)

TE X

Q= /d3a:J0.
Hh

9J°+V-J=0,
TP

dQ——/d%v-J—o
dt

HIAF AN

A

5.6 Conserved Currents Are Not Unique (SFfHIEAME—)

LUES
T = JH -9, AM, AR = AR,

i
0 J'™ = 0, " — 8,0, A" =0,

SANAE
Q’:Q—/dgx&AOi:Q

FEL ST F I 1AL

20
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Important Idea

Jak current A B ambiguity; global charge % 7% 4 . Local currents are ambiguous;
global charges are robust.

5.7 Spacetime Translations and the Energy-Momentum Tensor
(If2s P18 Ly g sl wi ok )
o (x) = ¢%(x + Ne).

Teg5/NEAL -

D¢" = e,0”¢".
o LARS z, N

DL =e,0°L = 0,(¢9"e,L).

JIrPA

Ft = g'fe,L.
Noether current:

JH = e, 09" — g'’e, L.
é\
JH =e,TPH,

5% canonical energy-momentum tensor:

TP = 0P — g L. |

SPE
Sy

W—/&M@
N E‘F‘

T = 1o — L =M.

5.7.1 Momentum of the free scalar field ([ HibriFyiazhat)

X E B R
TP = 79'¢p = —m;.

ES)id

P= —/d3x7rv¢.

R B B34 8IFH: normal order J5:

P= /d?’ppa;gap.

21
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5.8 Lorentz Transformations, Angular Momentum, and Boosts

(Lorentz Z8#t. fizhay boost)
25 /)y Lorentz 255k

ot — ot + ey,

PREFARLEDKR

e = —e"H.

FTAR 6 P sr 240 3 4> rotations + 3 4> boosts.
X scalar fields:
D¢" = 5,27 0" 9"

Xt current R] 5N

1
= Seap MO,
X1 E
[ MoPH = 2" TP" — P TR
S

X Lorentz generators:

JW:/&MWN

5.8.1 Spatial components: angular momentum (%3[H]4rH:: ffighat)

fl4n
J12 — /d3x (.I'lTZO o szlo)

Wi - AshE. XhrESiX 2 orbital angular momentum / #HiE M3 & ; spinor &Y vector
fields &%fi4MNg spin part.

5.8.2 Boost components: center of energy (Boost 4p#i: figHr0)

JO = /dgm (2'T% —+77).

TE L
E:/&ﬂm, ﬂ:/&ﬂﬂ
Ri — l /d3xxiT00
- .
iy
J* = ER' —tP".
SPEZ H
drR! P!
dt E°

XilisE relativistic center-of-energy theorem / FHXFiEAER .0 EFE .

22
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5.9 Chapter 5 Summary (45 5 £2£5a4h)

’continuous symmetry = conserved current = conserved charge.

] JW = nl D¢ — FH,

’Tpu = hdPyt — g"L,

| MoPH = 27 TP — TV, |

23



Chapter 6

Symmetries and Conservation Laws
IT: Internal Symmetries (PR S55F
T I PBATRRE)

6.1 Main Point (A#E1H)

One Sentence

%5 6 Al Noether ZPE T internal symmetries / NHEEFRYE , F3HE discrete symmetries
/ EEON R . BEf#ERET charge, particle-antiparticle, charge conjugation, parity, time
reversal ZEMESUAEI IS H H R PH,

6.2 What Is an Internal Symmetry? ({2 &P xFR: ?)
IF A R Bl AR bR 2
o(x) = d(A " z),  o(a) = oz +a).
WX R AR BN 25 i, HAE field space / 3725 [ RS AR -
9" (z) = R%¢" (x).

‘B2 non-geometrical symmetry / JEJLAXFFRYE .

6.3 Continuous Internal Symmetry: SO(2) (ZEZE WM %Rk :
SO(2))

% EPIA R BT S b R -

1
L= (0,0°0"9" = p*¢"6"),  a=1.2.

R H )
(¢")* + (¢)?
PARCSEEIRT T, FrPAEFE field-space rotation N ANAE:
¢t — Pt cos A + ¢? sin )\,
#? — ¢% cos A — ¢l sin .
Jog5 /INVEAR:
D¢' = ¢, D¢* = —¢'.
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6.3.1 Noether current (i#¥$§i%)
= 0", Ft=0.
i5}lia

JE = (0818 — (0"¢%)o'.

PR

Qz/H%KW&w%wwwww

6.4 Diagonalizing the Charge (%} fifk)

RGN E HRIT, PAEERE of o . AT

Q=i [aﬁma( ) al(,Q)Tal()l)] _
XA QFE 1,2 BT AN, &YX
1

b — (1) +1a( ) , e = —(al) — ial?).

P — \/’( P ) P \/i( P P )
Ul

Q= /dsp (bl-i;bp — clicp) = N, — N,.

JIr A

particle type / Fi§35#  charge / fif

b-particle +1
c-particle -1

Xk42 particle and antiparticle / ¥ 75 b FiEE R REL,
Hamiltonian

H= / Bpuwy (b;f)bp + cj,cp) .

6.5 Complex Scalar Field and U(1) (&S U(1))

E X

P = —%¢+w> * = —(¢' —i¢?).

g

Lagrangian 25>k

L= 00 — pPo .
ARAEHE ¢ 5 * 244F independent variables / JiiS7 AR &, W[f5

O+p*)p =0, (O+p*)y*=0.
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6.5.1 Expansion (2%)EJF)

d3p

¥(z) :/(%)3/2\/%

[bpe_ip’x + c;f,eip'“”} ,

d3p

¢*(x) = / (27T)3/2 /72wp
Y WK — A IEARL 8™ A — A fafar SobL 1, B AR 1

[b;f,eip'“” + cpe_ip'”'} .

o* WS
Qv =+v".

6.5.2 U(1) phase symmetry (U(1) FH{Hi%BRYE)
SO(2) FER W iE & AL 1

¢—>€_i>\¢, d)*_>ei>\d}*~

57N
Dip = —ith,  Dup* = i

IE B &
WZ = oM™, 771’2* = 0.

Noether current:

[Tt =iy —vdy) |

6.6 SO(n) Internal Symmetry (P#E*FRYE)
X AR B SEbe5

L= (augba@“gba — ,u2¢aqba) ) a=1,...,n.

N | =

WA SO(n) MFRME. 44 (a,b) FREIERL 1 current:

Ty = (8199)8" — (0"¢")%, Ty = —Jhuy-

LA OTECh
%n(n —1).

X n > 2 B, X2 non-Abelian / BRI DURXIFRME, ARIA] charges A—&EXf 5, ARERIHT
XA .

6.7 Lorentz Transformation Properties of Charges(fif[f] Lorentz
Ak i)

2 JH 2 conserved vector current:
o J" =0,

26



Coleman QFT: Chapters 1-6

7E X
Q= / d3z JO.

N @ 2 Lorentz scalar / Lorentz fr .

UEHTEAE : 3 ¢ = o il _EA AR5 il A8 B X

Q= /d4x5(n ~x)nyJH (), nt = (1,0,0,0).
ST L
Q= /d4ac8“9(n-w)J“(x).

o — R R & 0/ ST, 0

Q-q@ = /d4x D,[0(n - x) — 60’ - 2)] I,

9 J" =0

Q=0
JIT LA A BB Ar AN RS e 3 A 15 2R 190 S5 A T T
i, 45 current &2 rank-n tensor, WFHA»J5/b—¥5Fx, 153 rank-(n — 1) tensor,
Bl :

J* — @ scalar, TPF — PP vector, MP°PH — J9P  tensor.

6.8 Discrete Symmetries (B§HOPREE)
BIRUSA EESA, Bln
p(z) = ¢'(2).

%A infinitesimal generator, i@ % %4 Noether current, {HZ action invariant, &7
WHIE T A > operator SEHZAL e, fil4hE time reversal, ‘B H] anti-unitary operator 5Z
}yl_l_;o

6.9 Charge Conjugation C (fijit#i)

XA SE A, B
¢t =o', ¢ = ¢

i
wzgwwm%éwzzwhw%
B
[Civp v ]
R T

542 particle-antiparticle exchange / ¥ i ¥ 38
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M RALAT Ue 923
ULbyUo = ¢y, UbeyUo = by.

BT

ULQUe = Q.

# UG =1, WHAEE N C = +1.

6.10 Parity P (5Fk)

Parity BUEZIRALBRET S, KO

‘P: X — —X, t—>t.‘

I3/ scalar:
¢(X7 t) - (ZS(—X, t)

I3/ vector:

vV — —V.
fsh &
L=rxp
£ parity NAAE, R ] AR AL
L — L.

P = A
w=a-(bxc)

1F parity FAES, HILE pseudoscalar / [Ehr& .
6.10.1 Parity may act in internal space (i parity Z8Hen[ & MNH4M])
— i, AEZAY:

P ¢t(x,t) = M%¢"(—x,1).
FTPA parity BE23[6] Sy, R GEFIHT internal transformation.

6.10.2 Scalar versus pseudoscalar convention (Scalar 5 pseudoscalar 25
nlﬂi)
FE 1 1
L0 = 0 — 512" — g0
BAE
P:o(x,t) = ¢(—x,1)
A, AR
P’ P(x,t) = —d(—x,1)
TARAE, HR 6%, ¢ HRARAE . B scalar law; &5 i pseudoscalar law.
%} n-particle state:

UP ’le~7pn> = ‘_pla'”7_pn>7
UP’ |P17- . 7pn> = (_1)n |_p17"')_pn> .
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Coleman’s Point

ZHIEA internal symmetry, I ¢ — —¢, BUATPAE parity 3fe EIXASEXIFR, 1525
—ANAIREEYER) parity, Intrinsic parity / NELFEFRE H 2 convention /| 8, M4
R I

6.10.3 Cubic term removes some choices (Cubic term ZiIp3EEE parity &
)
mA
1
£0) = L(0,0)° — 3126 — g0 — ho?,
W ¢ — —¢ RERXFR, HHR ¢* — —¢®. ILH} pseudoscalar law N[, H scalar law,

6.10.4 Levi-Civita tensor example (Levi—Civita 5k#H#17)
i
Cuvpa 001 0" 9* 0P 707 ¢

& parity T2 N2 B F AL S MRS HIMTS . 4T ik Lagrangian invariant, W ELAHEE
— 3k pseudoscalar, m{ =374 pseudoscalar.

Coleman if%5 H PR parity ]+
w(xa t) — i¢(_x> t)a W(Xa t) — —i¢*(—x> t)'

X1t

P? R e AT
FEENEEEEA B FA MR symmetry transformation.

6.11 Time Reversal T' (IB}a] g i)

2L e
T:qt) = q(=t),  p(t) = —p(=t).

s B S EEM X, AR ES RS

7

6.11.1 Why time reversal is not unitary (Chfl 2 EEAE unitary ?)
FAFAE unitary Up, (1%
UrqUr = q, UtpUr = —p,

iy
[q,p] =1

7

TEAR 528 A
lq, —p] = —i.

{H unitary ZAHREF 1 A2, FIE.
it DARS[R) S 640 2 anti-unitary / 2 Z 1E.

29



Coleman QFT: Chapters 1-6

6.11.2 Anti-unitary operator (JZ & 1F34F)

RAIESFAF Q e
| (Qa,90) = (a,b)".
HH ek
\Qma+ﬁm=a%m+ﬁwww
Pt

QN0 = —i.
XIEHALE [q,p] = 1 FEBIE) S F 2L

6.12 PT for the Free Scalar Field ([ Hbsmigny PT)
BUMPHE T A MY Coleman SE#F PT. X H MtrEE kb TEIEE X
Qpr[P1s-- -, Pn) = P15, Pn) -
HEAL identity, K AT anti-linear:
Qpr(ily) = —iQpr [¢) .
XTE HArE ,
)= | g

Qpr B %, 153

—ip-x ip-x
<ape p +a;r,ep ),

Vprd(2)Qpr = ¢(—2).

Hrp —z = (—t,—x).

6.13 Chapter 6 Summary (45 6 #Z=ii4k)

o Internal symmetry acts on fields at the same spacetime point / PFSXFFRAAAE R —H 45 5

RE

e SO(2) = U(1) leads to charge conservation / FEf~F1H

o A complex scalar field naturally contains particles and antiparticles / ZhrE3) H I8

BT 5L

A~
=]

o Conserved vector charges are Lorentz scalars / SFHE KRB A H A& Lorentz bR .

o Discrete symmetries do not usually have Noether currents / BN FRE %A Noether

L.

C exchanges particle and antiparticle; P reverses space; 1" is anti-unitary.
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Global Roadmap

6.14 The Six-Chapter Arc (/\#EF2k)

ECh.l: One-particle relativistic QM fails / BRiFH%} i@%?j}#’ﬁiﬁ&}

A

[Ch.Q: Arbitrary-particle-number Fock space / AT &R F4{ Fock space}

Y

E Ch.3: Local scalar quantum field / Jalsibr &= 137 }

A

[ Ch.4: Canonical quantization of fields / IEN& 437 }

Y

[Ch.5: Spacetime symmetries and currents / I 23 %5 ?‘fﬁ‘&ﬁ}

A

[ Ch.6: Internal and discrete symmetries / NHE-5 B HOGFRIE }

6.15 Essential Formula Sheet (It .0AXNEGHE)

Topic Formula
3

Lorentz invariant measure d—p

2wp
Fock commutator [ap, a;} =0®(p-p)

d3p ~ :

Free scalar field o(x) = / W(%e—‘pm + af)elp'x)
Klein-Gordon equation O+ p*e=0
Equal-time commutator [B(x,1), d(y, )] = i6G) (x — y)

Canonical field quantization  [¢%(x,t), m(y,t)] = 16864 (x — y)
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Free scalar Hamiltonian H = % / Pz (7% + |Vo|* + 1?¢?) :
Noether current JH =g Dgp® — F#
Energy-momentum tensor TPH = gl 0P — ghP L

Lorentz current MPOPH = g TPH — xPTH

U(1) current JH =1(p*OHp — YOH*)

Charge operator Q =N, — N,
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Terminology Glossary

English L1D'E
special relativity B SRS
quantum mechanics I

timelike, spacelike, null/lightlike
Lorentz-invariant measure
mass shell

Compton wavelength

pair production

Fock space

vacuum state

occupation number representation
creation operator
annihilation operator
operator-valued distribution
local observable
microcausality

scalar quantum field
Klein—Gordon equation
equal-time commutation relations
canonical quantization
Lagrangian density
Hamiltonian density
canonical momentum density
normal ordering

vacuum zero-point energy
infrared divergence
ultraviolet divergence
Noether theorem

conserved current

conserved charge
energy-momentum tensor
angular momentum current
Lorentz boost

center of energy

internal symmetry
non-Abelian

charge conjugation

parity

pseudoscalar

time reversal

unitary

anti-unitary

BN SN [V IN
Lorentz 750 &
T

Compton JIF K
VAR R VA 000 e
Fock %5]i]

BES

MESEIE TN
FEHEREAT

BAFE ST

Jey e )
ECSES s
brEE T
Klein—Gordon &
EANPOP PR
IENE1e

frks B H % B
W

E B %%
ERUT
B
A4

VAV A

Noether FH
SPE L

<y

Al i
foh
Lorentz it / boost
e O

PERAT PR
JFAT DR

a3t

FHR

JEE bR

Fi [i) 2 5

ZIE

A IE
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